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Radiation of a charge moving along a corrugated surface with a relatively small period
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We consider electromagnetic radiation of a charged particle bunch moving uniformly along a
corrugated planar metallic surface. It is assumed that the wavelengths under consideration are
much larger than the period and the depth of corrugation. Using the method of the equivalent
boundary conditions we obtain the Fourier-transform of the Hertz vector. It is demonstrated that the
ultra-relativistic bunch excites the surface waves, whereas the volume radiation is absent. Fourier-
transforms of the surface wave components and spectral density of energy losses are obtained and
analyzed.
PACS numbers: 41.60.-m, 41.60.Bq, 41.75.Lx
I. INTRODUCTION
Electromagnetic interaction of charged particle beams
with corrugated structures is of essential interest nowa-
days for a number of reasons. For example, prospec-
tive applications of these structures are connected with
microwave and Terahertz (THz) emission. One should
mention here a theoretical treatment (based on surface
impedance formalism) of bunch wakefields generated in
flat and circular metallic waveguides with shallow (fine)
corrugation [1–4]. Possibilities for microwave and THz
radiation in such structures were also studied, including
simulations [5] and experiments [6–10]. Interaction be-
tween continuous electron beam and corrugated surface
was analyzed in papers [11–13] in view of realization of
relativistic surface-wave amplifiers.
Concerning the radiation generated by charged parti-
cle bunches moving along periodic structures, one should
mention extended researches of various cases where wave-
lengths are comparable or less than the structure period.
This type of radiation is usually referred to as Smith-
Purcell radiation, and there are plenty of the literature
devoted to this subject (see, for example, books [14, 15]).
In this paper, we study theoretically the situation,
which is principally different from Smith-Purcell case:
the wavelengths under consideration are supposed to be
much larger than periods of the structure, i.e. we con-
sider so-called “long-wave” (or “low-frequency”) approx-
imation. In this case, the periodic structure can be
described by so-called equivalent boundary conditions
(EBC), which should be fulfilled on the flat surface (they
are also known as Vainstein-Sivov conditions) [16].
Contrary to the aforementioned papers dealing with
waveguide structures with shallow corrugation [1–4],
here we analyze the case of a point charge (or a one-
dimensional finite gaussian bunch) moving along infinite
flat corrugated surface. This problem has not been solved
previously, despite numerous papers dedicated to radia-
tion from charged particle bunches moving in the pres-
ence of periodic corrugated structures.
It should be underlined that the paper [4] contains the
comparison between theoretical results (obtained using
the EBC approach) and results of the CST Particle Stu-
dio simulations. The authors have demonstrated that the
ultra-relativistic Gaussian bunch excites monochromatic
wakefield, with the simulated wavelength being equal ap-
proximately to 10 mm (for the period of corrugation 1
mm). The difference between theoretical and simulated
wavelengths varies from 0.2% to 4% depending on the
width of “hills” of the corrugated structure. The coinci-
dence can be considered as good, and this circumstance
justifies the use of the EBC method even in situations
where the structure period is only several times shorter
than the considered wavelengths.
It is also notable that the problem under consideration
is close to similar problems where the periodic structure
is not solid. In particular, the “long-wave” radiation from
the bunch moving along the planar periodic wire struc-
ture has been studied in papers [17, 18]. Under this ap-
proximation, the structure is described by so-called av-
eraged boundary conditions. Mentioned papers demon-
strate that the bunch generates surface waves propagat-
ing along the wires, and the surface wave configuration
can be used for determination the size of the bunch. How-
ever, despite the mentioned similarity, there is a principal
difference between EBC and averaged boundary condi-
tions, therefore the problem considered in the present
paper is of independent value.
The content of the paper is the following. First, we
briefly recall the method of EBC. Next, we obtain the
general exact solution of the problem and carry out the
asymptotic analysis of this solution. The last section is
devoted to the description of the main physical effect,
which consists in generation of surface waves.
II. EQUIVALENT BOUNDARY CONDITIONS
We consider a perfectly conductive flat surface having
rectangular corrugation (Fig. 1). It is assumed that the
period d and the depth of corrugation d3 are much less
than the wavelength under consideration λ:
d≪ λ, d3 ≪ λ. (2.1)
2In this case, we can replace the corrugated surface with a
planar surface, on which the so-called equivalent bound-
ary conditions (EBC) are fulfilled [16]. Note that the
EBC are widely applied in the theory of corrugated struc-
tures (for instance, in [16] one can find a lot of corre-
sponding examples). The EBC have the following gen-
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FIG. 1. The corrugated surface and moving charge.
eral form for Fourier-transforms of electric and magnetic
fields [16]:
Eωz = η
mHωx, Eωx = η
eHωz, (2.2)
where ηm and ηe are “impedances”, which are imaginary
for perfectly conductive structures. In the case of the
structure shown in Fig. 1, we have [16]:
ηm = ik0
(
d0−δ α
2
z
1−α2x
)
, ηe = −ik0δ
(
1−α2x
)
, (2.3)
where d0 = d2d3/d, d2 is a width of groove, αx = kx/k0
and αz = kz/k0 are directional cosines of the incident
wave with respect to x- and z-axis, correspondingly (k0
is the wave vector of the incident wave, k0 = ω/c). The
parameter of corrugation δ is determined by the for-
mula [16]:
δ = d3 +
d
2π
ln
(
σ − 1
σ
)
+
+
td
2π
∫ 1/σ
0
du√
(1− u) (1− σu) (√1− tu+ 1) , (2.4)
where parameters t and σ should be found from the fol-
lowing system of transcendent equations:∫ t
0
√
t− u√
u (1− u) (σ − u)du = π
d1
d
,
∫ 1
t
√
u− t√
u (1− u) (σ − u)du = 2π
d3
d
.
(2.5)
Note that the parameter δ is of the same order as d and
d3. In the specific case of a system of thin diaphragms
(where d1/d → 0) the parameter δ is determined by the
following simple expression [16]:
δ = d3 − d
π
ln
[
cosh
(
πd3
d
)]
. (2.6)
III. GENERAL SOLUTION OF THE PROBLEM
We assume that the charged particle bunch moves
along the corrugated surface with velocity V = cβez,
which is perpendicular to corrugations. The distance be-
tween the charge and the surface is b0 (Fig. 1). The
charge density is written in the form
ρ = qδ(x)δ(y − b0)η(z − V t), (3.1)
where η(z − V t) is the charge distribution along the tra-
jectory of the motion. We will use the Hertz potential Π
and present it as a sum of an “incident” potential Π(i)
and a “reflected” potential Π(r):
Π = Π(i) +Π(r) =
∫ +∞
−∞
(
Π(i)ω +Π
(r)
ω
)
e−iωtdω, (3.2)
where Π
(i)
ω and Π
(r)
ω are corresponding Fourier-
transforms. We mean that the incident field is the field
in unbounded vacuum, and reflected field is an additional
field connected with the influence of the corrugated struc-
ture. Relations between the Fourier-transforms of elec-
tromagnetic field and Hertz potential are given by the
formulae
Eω = ∇ divΠω + k20Πω, Hω = −ik0 rotΠω. (3.3)
It is well known that from Maxwell’s equations one can
obtain the Helmholtz equation for the Hertz potential:
(
∆+ k20
)
Πω = −4πi
ck0
jω. (3.4)
The solution of Eq. (3.4) for the incident field is the well-
known Coulomb field of moving charge in unbounded vac-
uum. The Fourier-transform of the Hertz vector compo-
nents of this field is
Π(i)ωx = Π
(i)
ωy = 0, (3.5)
Π(i)ωz = −
qη˜
ck0
exp
(
i
k0z
β
)
×
∫ +∞
−∞
dkx
eikxx+iky0|y−b0|
ky0
, (3.6)
where ky0 = i
√
k2x + k
2
0
1−β2
β2 , and Im ky0 > 0. Here η˜
is the Fourier-transform of the charge distribution along
the trajectory of the motion η(z − V t):
η˜ =
1
2π
∫ +∞
−∞
dζη (ζ) e−i
k0
β
ζ , ζ = z − vt. (3.7)
3One can show that the reflected field is described by the
two-component Hertz vector
Π(r)ω = Π
(r)
ωxex +Π
(r)
ωz ez, (3.8)
where
Π(r)ωz = −
qη˜
ck0
exp
(
i
k0z
β
)
×
∫ +∞
−∞
dkxRz
eikxx+iky0(y+b0)
ky0
, (3.9)
Π(r)ωx = −
qη˜
ck0
exp
(
i
k0z
β
)
×
∫ +∞
−∞
dkxRx
eikxx+iky0(y+b0)
ky0
. (3.10)
Here, Rz and Rx can be called reflection coefficients,
which should be found from the boundary conditions.
One can see that, in (3.6) - (3.10), the longitudinal
component of the wave vector is kz = k0/β. Therefore,
αz = kz/k0 = β
−1, and Eq. (2.3) is written in the form
ηm=ik0
(
d0−δ k
2
0
β2(k20−k2x)
)
, ηe=−i δ
k0
(
k20−k2x
)
. (3.11)
Satisfying boundary conditions (2.2) one can find the fol-
lowing expressions for the reflection coefficients:
Rz = −
k2xk0 +
(
k0 − β2k0 − ky0β2ηm
) (
k20 − k2x + ky0k0ηe
)
k2xk0 + (k0 − β2k0 + ky0β2ηm) (k20 − k2x + ky0k0ηe)
, (3.12)
Rx =
2k0kxky0βη
m
k2xk0 + (k0 − β2k0 + ky0β2ηm) (k20 − k2x + ky0k0ηe)
, (3.13)
where ky0 = i
√
k2x + k
2
0
1−β2
β2 . Thus, we have found the
general solution of the problem.
IV. ANALYSIS OF SINGULARITIES IN THE
FOURIER-INTEGRALS
Further, we will perform an asymptotic analysis of the
obtained Fourier transforms of the field components. For
simplicity, we will consider only the positive frequencies
ω > 0. For negative frequencies, all formulas are easy
to obtained by the rule F−ω = F
∗
ω where the asterisk
means complex conjugation. This rule is true for Fourier
transform of any real function F (t), in particular, for the
field components Ex,y,z(t) and Hx,y,z(t).
For our consideration, the poles of integrands in (3.9)
and (3.10) will play an important role. They are found
from the dispersion equation
k2xk0+
(
k0−β2k0+ky0β2ηm
)(
k20−k2x+ky0k0ηe
)
=0. (4.1)
Taking into account that k0d = 2πd/λ and k0δ are small
parameters of the problem, one can find the following
approximate solutions of Eq. (4.1):
kx = ±kx0 = ±k0
β
√
k20
β2
(
d0 − δ
β2
)2
− (1− β2). (4.2)
As we will see below, if these poles are real then their
contributions are surface waves. Since the first term un-
der radical is small then kx0 can be real only for ultra-
relativistic case (1− β2 ≪ 1). Approximately, the condi-
tion of reality of (4.2) has the form
β >
√
1− k20 (d0 − δ)2 ≈ 1−
k20 (d0 − δ)2
2
. (4.3)
The integrands in (3.9) and (3.10) have as well other
singularities: the function ky0 = i
√
k2x + k
2
0
1−β2
β2 has two
branch points kx = kx1,2 = ±ik0
√
1−β2
β . Fig. 2 shows
the integration path, the poles ±kx0, the branch points
kx1,2 and the cuts in the complex plane kx. Taking into
account some negligible small losses (i.e., negligible small
imaginary part of k0) one can show that the poles ±kx0
are located with respect to the integration path as shown
in Fig. 2.
To investigate an asymptotic behavior of Fourier-
integrals (3.9) and (3.10) we can use the saddle point
method [19, 20]. First, it is convenient to change the
integration variable according to the rule
kx =
k0
β
√
1− β2 shχ. (4.4)
Then the phase Φ (kx) = iky0 (y + b0) + ikxx is written
in the following form:
Φ (χ) =
k0
β
√
1− β2 [x shχ+ i (y + b0) chχ] . (4.5)
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FIG. 2. The complex plane kx: the integration path (real
axis), the poles ±kx0, the branch points kx1,2 and the cuts.
The quadrants of the physical sheet of the complex plane kx
are marked by Roman numerals.
Saddle points are found from the equation
dΦ (χ)
dχ
=
k0
β
√
1− β2 [x chχ+ i (y+b0) shχ] = 0. (4.6)
It gives two saddle points chχs± = ± y+b0√
x2+(y+b0)
2
, which
are purely imaginary: χs± = iχ
′′
s±. According to (4.4),
mapping of the physical sheet of the complex plane kx
is the strip (−∞ < Reχ < +∞,−π/2 < Imχ < π/2) on
the complex plane χ (Fig. 3). There is only one saddle
point χs+ in this area. The steepest descent path Γ
∗
+
contains the point χs+ and can be found from the system
ReΦ (χ) = ReΦ (χs+) ,
ImΦ (χ) > ImΦ (χs+) .
(4.7)
According to Eqs. (4.7) the steepest descent path Γ∗+ is
a straight line parallel to the real axis (Fig. 3).
The initial integration path can be transformed to the
path Γ∗+ with separation of the contribution of the pole
+kx0 for x > 0 (or −kx0 for x < 0) that is
∫ +∞
−∞
=
∫
Γ∗
+
+2πi Res
kx=kx0
. (4.8)
The integrals over the steepest descent path can be
asymptotically estimated by the well-known formula (see
the books [19, 20]):
{
Π
(r)
ωz
Π
(r)
ωx
}
≈ i qη˜
ck0

 2πβ
k0
√
1− β2
√
x2 + (y + b0)
2


1
2
×
{
Rz (χs+)
Rx (χs+)
}
exp
(
ik0z
β
)
× exp
(
−k0
β
√
1− β2
√
x2 + (y + b0)
2
)
. (4.9)
Formula (4.9) demonstrates that the contribution of
the saddle point decreases exponentially with increase
in |x| and |y|. We can neglect this contribution if the
following inequality is satisfied:
k0
β
√
1− β2
√
x2 + (y + b0)
2 ≫ 1. (4.10)
Further, we perform an asymptotic analysis of the field
components assuming that |x| and |y| are sufficiently
great to satisfy inequality (4.10). In this case, we can
neglect the contribution of the saddle point, and Fourier
integrals (3.9) and (3.10) are determined by the contribu-
tion of the pole +kx0 only (for x > 0; or −kx0 for x < 0).
Underline that exponential decrease of the saddle point
contribution means the absence of volume radiation.
The absence of volume radiation can be explained by
the following way. The field of the charge on the fre-
quency under consideration must be propagated along
the charge trajectory with the phase velocity being equal
to the charge velocity (like Cherenkov radiation in the
material media). Therefore, at the frequency ω, we have
kz = ω/V > ω/c , and the dispersion equation results in
k2x + k
2
y = ω
2/c2−ω2/V 2. This equation has no solution
if kx and ky are real. This predetermines the absence of
volume radiation.
It should be underlined that this conclusion refers to
the range of relatively low frequencies when the wave-
length is much more than the structure period, and we
can describe the real structure with help of the EBC.
Well-known Smith-Purcell radiation is not generated on
these frequencies. Smith-Purcell radiation is an effect of
superposition of diffraction radiation from different peri-
ods of the structure. The phenomena considered here are
not connected with diffraction radiation; they are deter-
mined by specific anisotropy of the structure.
V. SURFACE WAVES
The contribution of the pole +kx0 for x > 0 (and −kx0
for x < 0) is a surface wave under condition that the pole
is real, i.e. when inequality (4.3) is satisfied. Accord-
ingly to (4.3), in this case the bunch is ultra-relativistic.
Therefore, further we will assume that the parameter β
is close to unity (β → 1). Taking into account this ap-
proximation, we can write expressions for poles (4.2) in
5+χ0
−χ0
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χs+
pi
2
−
pi
2
Γ∗+
■■■
■■■ ■❱
Reχ
Imχ
FIG. 3. The complex plane χ: initial integration path, the
poles ±χ0, the saddle point χs+ and the steepest descent
path Γ∗+ (for x > 0). Roman numerals designate the areas,
which correspond to the quadrants of the physical sheet of
the complex plane kx.
the following way:
± kx0 = ±k20 |d0 − δ|. (5.1)
Calculating the residues we obtain for the Hertz vector
of the surface waves{
Π
(s)
ωz
Π
(s)
ωx
}
= 2πi sgn (x) Res
kx=±kx0
{
Π
(r)
ωz
Π
(r)
ωx
}
=
= 4π
qη˜
c
{
k−10
sgn (x) |d0 − δ|
}
exp (ik0z)
× exp[ik20|d0−δ||x|−k20 |d0−δ| (y+b0)]. (5.2)
The corresponding field components are

E(s)ωx
E(s)ωy
E(s)ωz

 = 4πi
qη˜k0
c


0
−k0|d0 − δ|
ik20 (d0 − δ)2

 exp (ik0z)
×exp [ik20 |d0−δ||x|−k20 |d0−δ| (y+b0)], (5.3)


H(s)ωx
H(s)ωy
H(s)ωz

=4πi
qη˜k0
c


k0|d0−δ|
0
− sgn (x)k20 (d0−δ)2

exp (ik0z)
×exp [ik20 |d0−δ||x|−k20 |d0−δ| (y+b0)]. (5.4)
These results are true for k0 = ω/c > 0. Recall that
corresponding formulae for negative frequencies are ob-
tained by the rule F−ω = F
∗(ω).
Note that, in (5.3), (5.4), we take into account only the
main terms with respect to the small parameter k0|d0−δ|.
Note that the components E
(s)
ωx and H
(s)
ωy vanish in the
approximation under consideration (we can neglect these
components because they are determined by terms of
third order of smallness). As we see, all components
decrease exponentially with an increase in y, i.e. formu-
lae (5.3) – (5.4) describe the surface waves propagating
in a plane of the structure.
It is also of interest to analyze energy losses of the
bunch, which can be obtained by calculation of the en-
ergy flow through two parallel half-planes x = ±x0,
y > 0. This way results in the following expression for
the energy losses per unit of the path length:
dW
dz0
=
1
V
dW
dt
=
2
cβ
∫ +∞
−∞
dz
∫ +∞
0
dySx
∣∣∣∣
x=x0>0
, (5.5)
where Sx is the x-component of the the energy flow den-
sity
Sx =
c
4π
(
E(s)y H
(s)
z − E(s)z H(s)y
)
. (5.6)
The factor “2” in (5.5) is explained by generation of two
symmetrical surface waves in positive and negative direc-
tions of x.
Writing components of electromagnetic field as the
Fourier-integrals F (~r, t) =
∫ +∞
−∞
dωFωe
−iωt and sub-
stituting these integrals into (5.5), (5.6) we obtain af-
ter some transformations the following integral over fre-
quency:
dW
dz0
=
∫ +∞
0
d2W
dωdz0
dω, (5.7)
where d2W/dωdz0 is a spectral density of the energy
losses
d2W
dωdz0
= 2c
∫ +∞
0
dyRe
(
E(s)ωyH
(s)∗
ωz − E(s)ωzH(s)
∗
ωy
)
. (5.8)
Substituting formulae (5.3) and (5.4) into (5.8) and
performing the integration one can obtain the following
expression:
d2W
dωdz0
= 16π2
q2|η˜|2k0
c
d2W˜
dωdz0
, (5.9)
where
d2W˜
dωdz0
= k20 (d0 − δ)2 e−2k
2
0|d0−δ|b0 (5.10)
is dimensionless spectral density of the energy losses.
Further, we use as well the dimensionless projection of
the wave vector:
k˜x0 =
kx0
k0
= k0|d0 − δ|. (5.11)
We demonstrate below some results of computations
performed using the formulas given above. These com-
putations are performed for the conditions providing that
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the EBC technique is obviously applicable. The small pa-
rameter of the problem d/λ ≈ dk0/(2π) is from 0.05/(2π)
to 0.15/(2π) for the situations considered below. Mean-
while, earlier we have tested the EBC technique for the
case of a circular corrugated waveguide with small pa-
rameter d/λ ∼ 0.1, and it has been shown that even such
moderately small parameter provides the accuracy (com-
pared to CST simulated results) within several percents
[4].
Fig. 4 shows dependences of the wave vector projec-
tion and the spectral density of the energy losses on the
depth of corrugations d3 for different periods of the cor-
rugated surface. It is assumed that d1 → 0, d2 → d,
d0 = d2d3/d → d3 (system of diaphragms). According
to the plots, the x-component of the wave vector k˜x0 in-
creases with increasing the depth of corrugations d3, and
this dependence is almost linear in the most part of the
plot. This is explained by the fact that the parameter δ
only weakly depends on the depth for not small values
of d3/d (then, accordingly to (5.1), the function kx0 (d3)
is almost linear). Energy losses increase approximately
with the square of the depth of corrugations. It should
be also emphasized that both the projection of the wave
vector and the spectral density of the energy losses de-
crease with increasing the period d.
Fig. 5 shows dependences of the wave vector projection
and the spectral density of the energy losses on the depth
of corrugations d3 for different values of parameters d1
and d2 (for the same period d). One can see that the
x-component of the wave vector and the spectral density
of the energy losses usually increase with decrease in the
width of “hills” d1, and the system of diaphragms is the
7most effective for the surface waves generation. However,
if the depth of corrugations d3 is small enough then this
regularity can be broken.
Concluding this section, we emphasize that the radia-
tion under consideration is fundamentally different from
the Smith-Purcell one. Unlike Smith-Purcell radiation,
the radiation considered here is surface, has a continuous
spectrum and is generated at lower frequencies. How-
ever, there are some common features. In particular, the
energy of radiation of both types is proportional to the
square of the charge and the structure length, and also
significantly depends on the geometrical parameters of
the cell of the structure.
VI. CONCLUSION
We have investigated radiation of the charged parti-
cle bunch moving along the corrugated metallic surface.
The principal point here is that we consider radiation at
the wavelengths, which are much larger compared to the
structure periods (in contrast to traditional consideration
for wavelengths which are comparable with the period).
The general solution of the problem has been obtained
by use of the method of the equivalent boundary con-
ditions. We have performed asymptotic analysis of the
electromagnetic field and have shown that the volume ra-
diation is absent in the situation under consideration but
the surface waves can be excited. As a rule, these waves
are generated if the charge velocity is close to the light
velocity. Analysis of the surface waves has demonstrated
the main dependences of the energy losses on the prob-
lem parameters. In particular, it has been shown that
the energy losses increase with increase in the depth of
corrugations and, usually, as well with decrease in the
width of “hills”.
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